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In this letter we consider spinless bosons in a Kagome lattice with nearest-neighbor hopping and
on-site interaction, and the sign of hopping is inverted by insetting a pi flux in each triangle of Kagome
lattice so that the lowest single particle band is perfectly flat. We show that in the high density
limit, despite of the infinite degeneracy of the single particle ground states, interaction will select out
the Bloch state at the K point of Brillouin zone for boson condensation at the lowest temperature.
As temperature increases, the single boson superfluid order can be easily destroyed, while an exotic
triple-boson paired superfluid order will remain. We establish that this trion superfluid exists in a
broad temperature regime until the temperature is increased to the same order of hopping and then
the system turns into normal phases. Finally we show that time of flight measurement of momentum
distribution and its noise correlation can be used to distinguish these three phases.
Flat band models have attracted considerable theoret-
ical interests recently [1–14], because the single particle
energies are degenerate inside the flat band, therefore
interactions play a dominant role in the many-body sys-
tem and lead to many interesting quantum phases [7–
13]. Among many different physical realizations of lattice
models with flat band, Kagome lattices with only near-
est neighbor hopping is perhaps one of the simplest. Re-
cently, such a model has been realized experimentally us-
ing optical lattices by the Berkeley group [15]. However,
the flat band in a normal Kagome lattice is the highest
band. By fast shaking the optical lattices, one can invert
the sign of hopping, which has also been demonstrated
experimentally for triangular optical lattices [16]. This
technique can be applied straightforwardly to Kagome
lattices. When the sign of hopping is inverted, it is equiv-
alent to inserting a pi flux in each triangle of the Kagome
lattice [17], and the flat band becomes the lowest band,
as shown in Fig. 1.
In this letter we consider spinless bosons with on-site
interaction on the Kagome lattice with sign-inverted hop-
ping, such that the boson condensation is frustrated[14].
Here we focus on the high density superfluid regime, since
those strongly correlated phases like Mott insulator[7, 8],
Wigner crystal[9] and quantum Hall state[10, 11] usually
occurs in low-density regime. This high density limit cor-
responds to a real system with a Kagome optical lattice
in the xy plane and weak confinement potential along
the zˆ direction. Therefore, each site is in fact a tube in-
side which bosons form a quasi-condensate, and tunnel-
ing couples different tubes into a two-dimensional Joseph-
son array described by a boson Hubbard model.
Here we shall discuss whether and how bosons can con-
dense in the flatband, and what exotic type of superfluid
occurs at finite temperature. The main findings are
(1) As the temperature increases, the system exhibits
three different phases: a K-point (
√
3 × √3) superfluid
phase, with bosons condensed to the single-particle Bloch
state at the momentum K point; an exotic “trion super-
fluid” phase, with triple-boson (quasi-)long-range order
in the absence of single-boson ordering; and a normal
phase of thermal boson gas without any order.
(2) The three phases are separated by two phase tran-
sitions at very different temperature scales. The higher
one is of the hopping energy scale, while the lower one
is three orders of magnitude smaller. Thus we predict a
large temperature window in which the “trion superfluid”
phase can be observed in experiments.
(3) We show that the time of flight (TOF) detection
of momentum distribution can distinguish these three
phases, and the third-order noise correlation provides a
more direct evidence of the “trion superfluid” phase.
It has been a long term effort to search for exotic
bosonic state without single-boson superfluid order. In
previous studies, two-boson paired superfluids (or charge-
4e superconductor as paired Cooper pairs) have been pro-
posed in various systems [18–26]. As far as we know, it
is the first time that a triple-boson paired superfluid is
proposed, and the underlying physics, i.e. the frustrated
hopping in Kagome geometry, is also different from that
of previous examples. Moreover, unlike previous propos-
als where unconventional superfluids always take place
at very low temperature, here the trion superfluid exists
in relatively high temperature regime, and thus, it is eas-
ier for experimental realization. These results may also
be generalized to interacting bosons in other flat band
models with geometric frustration.
Band Structure and Mean-Field. The boson Hubbard
model on the Kagome lattice with pi flux in each trian-
gle is given by Hˆ = Hˆt + HˆU , with the hopping term
Hˆt = t
∑
〈ij〉 bˆ
†
i bˆj + h.c., and the interaction term HˆU =
U
∑
i nˆi(nˆi−1)−µ
∑
i nˆi, where nˆi = bˆ
†
i bˆi. Here t is pos-
itive [17]. In the momentum space, the hopping Hamilto-
nian reads Hˆt =
∑
k bˆ
†
kh(k)bˆk with bˆk = (bˆkA, bˆkB, bˆkC)
ᵀ
and
h(k) = 2t
 0 cos k3 cos k2cos k3 0 cos k1
cos k2 cos k1 0
 , (1)
where ki ≡ k · ai, and a1 = (1, 0), a2 = (− 12 ,
√
3
2 ),
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FIG. 1: (a) Kagome lattice, partitioned into A, B, C sublat-
tices. (b) Band structure with inverted hopping sign, where
Γ = (0, 0), K = (2pi/3, 0) and M = (pi/2, pi/2
√
3). (c) Mean
field energy landscape for different Uρ/t. Energy shifted by
E0 = −2t+ Uρ/3.
a3 = (− 12 ,−
√
3
2 ) as shown in Fig. 1(a). Its lowest band is
perfectly flat with a quadratic band touching at Γ point,
as shown in Fig. 1(b).
Because of the infinite degeneracy of the single particle
ground state, free bosons can not condense. At the mean-
field level, we first consider the single particle state with
translational symmetry labelled by momentum k. Tak-
ing the mean-field ansatz 〈bˆk〉 = z ≡ (zA, zB, zC)ᵀ with
the normalization condition z†z = ρ, where ρ is the bo-
son filling per unit cell, we can minimize the mean-field
energy function Ek[z] = z
†h(k)z+U(|zA|4+|zB|4+|zC|4)
with respect to z, and denote the optimal energy as
Ek = minz Ek[z]. This mean-field energy landscape in
Fig. 1(c) shows that the single particle degeneracy is lifted
by the Hartree energy. Γ and K points are selected out
to be the energy minimum. This is because inside the
flat band, the single particle wave functions have equal
amplitudes among the three sublattices only at Γ and
K points, and their uniform densities are favored by the
repulsive interaction.
The Bloch wave functions for Γ and K points is deter-
mined by minimizing mean-field energy,
ψΓ(ri) =
1√
3
(1, e±2pii/3, e∓2pii/3)ᵀ,
ψK(ri) =
1√
3
eikK ·ri(1,−1,−1)ᵀ,
(2)
with kK = (2pi/3, 0). In the real space, both two
wave functions satisfy two conditions: (i) their densi-
ties are uniform, which minimize the mean-field interac-
tion energy and (ii) their phases follow the “3-color ar-
rangement”, meaning that each pair of two neighboring
sites take different phases out of 1, e2pii/3 and e−2pii/3,
as depicted in Fig. 2, such that the kinetic energy is
also minimized. The mean-field energy is minimized to
E0 = −2t + Uρ/3, as long as both conditions (i) and
(ii) are satisfied, while the translation invariance is not a
necessary condition and can be released. Then one can
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FIG. 2: (Color online.) (a-b) Phase configurations of the
condensates at Γ point (a) and K point (b), (c-d) random
“3-color arrangement”. Phase θi is denoted by colors: red
circle = 0, green square = 2pii/3, blue triangle = −2pii/3.
“±” mark out the vorticity around each triangle. (a) ψΓ is
a “vorticity ferromagnetic” state and (b) ψK is a “vorticity
antiferromagnetic” state.
find extensive numbers of state without translation in-
variance but satisfying both (i) and (ii), as exemplified
in Fig. 2(c-d).
Quantum Fluctuation and Order from Disorder. These
extensive number of degenerate mean-field states can be
further lifted by quantum fluctuations, because the zero-
point energy (ZPE) of Bogoliubov phonons is different for
different mean-field state. For a given mean-field config-
uration 〈bˆi〉 = √ρeiθi , its Bogoliubov Hamiltonian is
H[θi] =t
∑
〈ij〉
(
bˆ†i bˆj + h.c.
)
− µ
∑
i
bˆ†i bˆi
+ Uρ
∑
i
(
2bˆ†i bˆi + e
2iθi bˆ†i bˆ
†
i + h.c.
)
,
(3)
where µ = −2t+2Uρ/3. Diagonalization of H[θi] leads to
H[θi] =
∑
m ωm[θi]
(
γˆ†mγˆm + 1/2
)
, with γˆm being Bogoli-
ubov boson operator. Thus the ZPE associated with this
given {θi} configuration equals to Λ[θi] = 12
∑
m ωm[θi]
by setting γˆ†mγˆm = 0.
For condensates at Γ and K points, the Bogoliubov
excitations have quantum number k and they have well
defined dispersion as shown in Fig. 3(a). One finds that
the sound velocity c of K point condensate is smaller that
that of Γ point condensate, hence K point condensate has
lower ZPE, as Λ ∼ c2. This is also evidenced from the
mean field energy landscape as shown in Fig. 1(c), where
energy landscape changes less rapidly nearby K point
than that nearby Γ point, indicating softer Goldstone
mode and lower ZPE.
For a generic mean-field state in the degenerate mani-
fold, the Bogoliubov spectrum has no well defined dis-
persion because of the absence of translation symme-
try. Here we randomly sample 4000 configurations on a
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FIG. 3: (a) Bogoliubov spectra for Γ point (left) and K point
(right) condensates at Uρ/t = 0.3. Momentum points are de-
fined as A = (pi/3, 0) and B = (pi/3, pi/3
√
3). (b) Distribution
of the zero-point energy (ZPE) Λ of the degenerate mean-field
configurations. Two dashed lines denote the ZPE for K and
Γ point condensates. The vertical axes is the probability for
the particular ZPE. (c) J/t v.s. Uρ/t plot.
240-site Kagome lattice with uniform density and satis-
fying the “3-color arrangement”, and then calculate their
ZPE’s numerically. We find that their ZPE’s all rest be-
tween Γ point condensate and K point condensate, i.e.
∀{θi} : Λ[K] ≤ Λ[θi] ≤ Λ[Γ], as seen from Fig. 3(b). So
the degeneracy can be completely removed via the order-
by-disorder mechanism. At sufficiently low temperature,
bosons will condense to K point (or its symmetry related
points).
Thermal Fluctuation and Phase Diagram. Because all
the ZPE’s are in the range from Λ[K] to Λ[Γ], it is nat-
ural to introduce the energy scale for zero-point fluctua-
tion as J = Λ[Γ] − Λ[K]. Beyond this energy scale, the
condensation at K point will be destroyed. As shown in
Fig. 3(c), J will vanish in both small and large U limit.
The asymptotic behavior goes like J ∝ Uρ for Uρ  t
and J ∝ t3/2(Uρ)−1/2 for Uρ t. The maximum of J is
achieved around Uρ/t = 3. It is remarkable to find that
even the maximum value of J is three orders of magni-
tude smaller than t. It is still quite challenging to reach
such low temperature in current cold atom experiments.
However, the conventional Bose condensate at the low-
est temperature is not the most interesting phase. The
most interesting phase in this system exists at the tem-
perature regime kBT > J . In this regime, the system
will enter a thermal mixed state in which all mean-field
configurations satisfying condition (i) and (ii) mentioned
above are almost equally populated. In this thermal
mixed state, for each site the condensate phase can take
θi = 0,±2pi/3 with equal probabilities. Thus, the single
boson correlation will become short-ranged, i.e. 〈bˆ†i bˆj〉 =
ρs〈e−iθieiθj 〉 → 0. However, as long as the “3-color ar-
rangement” is satisfied, at every site e3iθi ≡ 1 is always
hold. Thus, the triple bosons operator can still possess
long-range correlation, i.e. 〈bˆ†3i bˆ3j 〉 = ρ3s〈e−3iθie3iθj 〉 →
ρ3s [27]. This trion superfluid (trion SF) supports many
interesting properties, such as 1/3 fractionalized vortices,
which will be studied in the future.
Since the “3-color arrangement” is enforced by the
kinetic energy, thus, bosons will condense in triples as
long as T < t. When T is increased to ∼ t, the long
wave-length fluctuation of the U(1) phase will lead to a
Kosterlitz-Thouless phase transition from the trion SF
to the normal state. This transition temperature can
be estimated from the superfluid stiffness, which can be
calculated from the free energy response to the phase
twist. Let bi = wie
iθieiq·ri , where eiq·ri is the applied
phase twist. In the temperature regime T  J , we
can ignore the zero-point energy, and the energy func-
tional for a given {θi} configuration reads Eq[θi, wi] =
t
∑
〈ij〉(w
∗
iwje
−i(θi−θj)e−iq·(ri−rj) + h.c.) + U
∑
i |wi|4,
and because all the configurations must be taken into ac-
count under thermal average, the averaged energy func-
tional reads
Eq[wi] =
∑
{θi}
Eq[θi, wi]
= − t
2
∑
〈ij〉
(w∗iwje
−iq·(ri−rj) + h.c.) + U
∑
i
|wi|4 (4)
It is interesting to note that Eq. (4) is the same of a mean-
field energy of bosons in the Kagome lattice without frus-
tration, because the sign of hopping is now inverted back.
Mathematically, it is because taking thermal averages
lead to 〈ei(θi−θj)〉 = −1/2. Since the kinetic energy frus-
tration is released, trion SF will have a finite stiffness. It
can be obtained by minimizing Eq[wi] with respect to wi
and expand the optimal energy in terms of small q, which
leads to min{wi} Eq[wi] ' −2t+Uρ3 + 12 tq2. Therefore, the
stiffness is t, which gives an estimate of the Kosterlitz-
Thouless transition temperature as TKT = t/pi. For Rb
atoms, t is around 15nK with a moderate lattice depth,
and thus TKT is a few nK.
With the analysis above, we reach the phase diagram
as shown in Fig. 4(a). In Fig. 4(b), we show the one-boson
and three-boson correlation function as a function of tem-
perature for a fixed Uρ/t. The one-particle correlation
〈bˆ†i bˆj〉 is calculated as ρs
∑
{θi} e
−i(θi−θj)e−Λ[θi]/T , where
the configuration summation can be restricted in the “3-
color arrangement” patterns, since other configurations
cost energy of the order t and their contribution is neg-
ligible at low temperature around the order J . While on
the other hand, when we calculate the three-boson cor-
relation 〈bˆ†3i bˆ3j 〉 = ρ3s
∑
{θi} e
−3i(θi−θj)e−E[θi]/T , the sum-
mation goes over all configurations {θi}, and the energy
is given by E[θi] = 2t
∑
〈ij〉 cos (θi − θj), where we have
ignored the ZPE as it is negligible compared to E[θi].
Fig. 4(b) shows that there indeed exists a large temper-
ature window there the one-boson correlation function
vanishes while the three-boson correlation function re-
mains finite.
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FIG. 4: (Color on line.) (a) Phase diagram. It contains
three phases: the conventional superfluid phase with boson
condensation at K point (KSF), trion superfluid (trion SF)
phase, and the normal phase. (b) The long-range correlation
for 〈bˆ†i bˆj〉 and 〈bˆ†3i bˆ3j 〉 as a function of temperature kBT/t. (c)
TOF intensity at Γ and K point as a function of temperature
kBT/t. (b) and (c) are calculated at Uρ/t = 1.
Detection. Finally we show that the difference between
these three phases can be detected by a straightforward
measurement of momentum distribution via TOF image
[28]. When bosons condense into K points of the Bril-
louin zone, TOF image will display sharp Bragg peaks
at K points (or its equivalent K ′ points) in the recip-
rocal lattice, as shown in Fig. 5(a). Moreover, due to
the interference effect from the phase structure satisfy-
ing the “3-color-arrangement”, it is easy to show that
the strongest peaks do not appear in the first Brillouin
zone, but instead at its reciprocal lattice vector points in
the second Brillouin zone. As temperature increases to
the trion SF phase, all the 3-color arrangements are ther-
mally mixed, and the Bragg peak at K point disappears
as the single-boson superfluid order vanishes. However,
in contrast to normal state, the TOF image displays non-
trivial features as shown in Fig. 5(b). A large honeycomb
structure appears and the hexagon is 4 times the area of
the first Brillouin zone, and the intensity at Γ point is
always zero, because for zero-momentum component of
the Fourier transformation is exactly cancelled out due
to the “3-color arrangement”. At the highest tempera-
ture normal state, the TOF image becomes a featureless
Gaussian and the intensity at Γ point becomes the max-
imum, as shown in Fig. 5(c). Thus, we predict that the
intensity at K point rapidly decreases at the transition
from K-point condensate to trion SF, and the intensity
of Γ point rapidly increases at the transition from trion
SF to normal state, as shown in Fig. 4(c).
Besides, the trion SF order can also be probed by
analyzing the three-point noise correlation of the TOF
images. This requires repeating the TOF experiment
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FIG. 5: (Color on line.) (a-c) TOF image of momentum
distribution for three phases: (a) KSF, (b) trion SF, (c) nor-
mal. The thin lines of honeycomb trace out the Brillouin zone
boundary. For (b) and (c), the image is averaged over many
times of TOF experiments. (d) The profile of C(k) simu-
lated in the trion SF phase by analyzing the noise correlation
among 100 TOF images.
many times to obtain the noise signal δnk = nk − 〈nk〉
for each image like Fig. 5(b) [29, 30]. We propose
that the triple-boson long-range correlation can be ob-
served from the three-point noise correlation C(k) =∑
k1+k2+k3=k
〈δnk1δnk2δnk3〉, where it is important to
collect information from all the points satisfying k1 +
k2 + k3 = k into C(k). It is straightforward to show
that this noise correlation displays sharp feature only in
the trion SF phase, and the triple-boson correlation is
directly related to the noise correlation via 〈bˆ†3i bˆ3j 〉 ∝∑
k1,2,3
〈δnk1δnk2δnk3〉e−i(k1+k2+k3)(ri−rj). Therefore,
C(k) shows sharp peaks at Γ points in the trion SF phase,
as in Fig. 5(d), providing direct evidence for the long-
range correlation of 〈bˆ†3i bˆ3j 〉.
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